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ABSTRACT. Given a closed oriented 3-manifold M, we establish an isomor- 
phism between the Heegaard Floer homology group HF + (—M) and the em- 
bedded contact homology group ECH(M). Starting from an open book de- 
composition (S, h) of M, we construct a chain map $ + from a Heegaard Floer 
chain complex associated to (5*, h) to an embedded contact homology chain com- 
plex for a contact form supported by (5*, h). The chain map $ + commutes up 
to homotopy with the U -maps defined on both sides and reduces to the quasi- 
isomorphism $ from [CGH2, CGH3] on subcomplexes defining the hat versions. 
Algebraic considerations then imply that the map $ + is a quasi-isomorphism. 
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1. INTRODUCTION 

This is the last paper in the series which proves the isomorphism between certain 
Heegaard Floer homology and embedded contact homology groups. References 
from [CGH2] (resp. [CGH3]) will be written as "Section l.x" (resp. "Section R.x") 
to mean "Section x" of [CGH2] (resp. [CGH3]), for example. 

Let M be a closed oriented 3-manifold. Let HF(M) and HF + (M) be the 
hat and plus versions of Heegaard Floer homology of M and let ECH(M) and 
ECH(M) be hat and usual versions of the embedded contact homology of M. As 
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usual, embedded contact homology will be abbreviated as ECH. In [CGH1], we 
introduced the ECH chain group ECC(N, ON) and showed that ECH(N, ON) ~ 
ECH(M). In the papers [CGH2, CGH3], we defined a chain map 

$ : CF(-M) -> ECC(N, dN), 

which induced an isomorphism 

: HF(-M) ^ ECH(M). 

The goal of this paper is to extend the above result and prove the following 
theorem: 

Theorem 1.0.1. If M is a closed oriented 3-manifold, then there is a chain map 

<£»+ : CF + (-M) ^ ECC(M) 

which is a quasi-isomorphism and which commutes with the U-maps up to homo- 
topy. 

We use F = Z/2Z coefficients for both Heegaard Floer homology and ECH. 

Remark 1 .0.2. The construction of <l> + can be carried out with twisted coefficients 
as in Sections 1.6.4 and 1.7.1 of [CGH2]. 

Let (S, ft) be an open book decomposition for M, where S is a genus g > 2 
bordered surface with connected boundary and ft G Diff (S, dS). 1 In particular we 
identify 

M-(5x [0,1])/ ~, 
where (x, 1) ~ (ft(x),0) for all x G S and (x,t) ~ (x,t r ) for all x G dS and 
t, t' G [0, 1]. We write S t = S x {t} for t G [0, 1]. Let S = So U -S 1/2 be the 
Heegaard surface corresponding to (S, ft). 

Given a pair (So, fk>) consisting of a surface So and fiQ G Diff(Eo), we write the 
mapping torus of (So, Hq) as: 

%o,*0 = ( S o x [0,2])/(x,2) - (/Jo(x),0). 

The map $, defined in Section 1.6.2, is induced by the cobordism W + which is an 
So-fibration and which restricts to a half-cylinder over [0, 1] x Sq at the positive 
end and to a half-cylinder over the suspension Nrs ,n) at tne negative end. We say 
that W + is a cobordism "from [0, 1] x Sq 2 to Nts ,n)-" 

The map 3> + is induced by a cobordism W + from [0, 1] x S to M which extends 
W+ and is described below. 3 Although $ was defined in terms of just one page Sq, 
we can no longer ignore the S 1 / 2 portion of S when defining <I> + , since we do not 
know how to express HF + {—M) in terms of Sq. 

^he condition g > 2 is a technical condition which will used in the definition of $ + . 
We will interchangeably write [0, 1] x So and So x [0, 1], This is partly due to the fact that the 
open book is usually written as (S x [0, 1])/ ~ and the positive end of W+ is a "symplectization" 

E x [0, 1] x S . 

3 The reader is warned that we are distinguishing W+ from W + , i.e., between lower and upper 
indices. 



HF=ECH VIA OPEN BOOK DECOMPOSITIONS 



3 



A symplectic cobordism similar to W + is constructed by Wendl in [We4]. 

1.0.1. The cobordism W + . We give a description of W + = U Wf 1 " U W£ 
and W+ = W +) q U W +) \ U W+,2 as topological spaces, where W+ ,i C for 
i = 0, 1, 2. See Figure 1. The description given here is the simplified version of 
the actual construction, and the notation of Section 1.0.1 is not used outside of 
Section 1.0.1. 




FIGURE 1 . Schematic diagram for Wq U which indicates the 
fibers over each subsurface. 

First extend fi G Diff(S ,dS ) to H+ e Diff(E) so that lt + \s 1/2 = id. Let 
N(y, ! h+) and N(s 0} n) be the mapping tori of h + and h and let 

vr : [0, 00) x iV (E)A+) -> [0, 00) x M/2Z 

be the projection (s,x,t) h-> ( s ,t). Then define 5^ = ([0,oo) x R/2Z) - J3£, 
where is the subset [2, 00) x [1, 2] with the corners rounded. We then set 

W+ := w-HB° + ), W +fl := tT 1 ^ ) n ([0, 00) x N {SoA ). 
Next we set 

W+ := S'x/a x D 2 , W +A := 

and identify {0} x S 1/2 x R/2Z C dW + with 5 1/2 x dD 2 C SWjf via the 
map (0, x,t) 1 — y (x,e mt ). Then one component of 3(Wq U W{^) is given by 
M = ({0}xN {SoA )U(dS xD 2 ). 
Finally we set 

W+ := (-00, 0] x M, W + , 2 := (-00, 0] x ({0} x N {SoA ), 
where {0} x M is identified with M. 

1.0.2. Sketch of proof. The proof of Theorem 1.0.1 proceeds as follows: 

Step 1. Express the [/-map on HF + (—M) as a count of Ijjf = 2 curves that 
pass through a point, in analogy with the definition of U in ECH. This is given by 
Theorem 3.1.4. 
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Step 2. Construct a symplectic cobordism (W + , from [0, 1] x S to M, together 
with stable Hamiltonian and contact structures on [0, 1] x S and M. This is the 
goal of Section 4. 

Step 3. Define the chain map <5 + as a count of I w + = curves in W + and show 
that <I> + commutes with the J7-maps on both sides up to a chain homotopy K. This 
is done in Section 5. 

Step 4. By an algebraic theorem (Theorem 6.1.5), <E> + is a quasi-isomorphism if a 
map 

<S> alg : CF(-M) -> ECC(M), 
defined using <& + and K, is a quasi-isomorphism. 

Step 5. By Theorem 6.4.1, the map & a i g is a quasi-isomorphism. This is proved by 
relating <& a i g to the quasi-isomorphism $ from [CGH2, CGH3]. 

2. Heegaard Floer chain complexes 

The goal of this section is to introduce some notation and recall the definition of 
the chain complex CF + (T,, ot, (3, z? , J), whose homology is HF + (—M). 

2.1. Heegaard data. Let M be a closed oriented 3-manifold and let (S, h) be an 
open book decomposition for M. 

We use the following notation, which is similar to that of Section 1.4.9.1: 

• £ = So U —Si/2 is the associated genus 2g Heegaard surface of M; 

• a = {a±, a>2 g } is a basis of arcs for S and b is a small pushoff of a as 
given in Figure 1. 1 ; 

• Xi and x • are the endpoints of ai in dSo that correspond to the coordinates 
of the contact class and x" is the unique point of a, n 6« n mt(S , 1 / 2 ); 

• a = (a x {\}) U (a x {0}) and (5 = (b x {\}) U (6(a) x {0}) are the 
collections of compressing curves on the Heegaard surface S; 

• is a point in the large (i.e., non-thin-strip) component of Si/ 2 — a. — (3 
and (z')f is a point which is close but not equal to zA 

We say that the pointed Heegaard diagram (S, a, (3, z*) is compatible with (S, ft). 

Remark 2.1.1. T/ie orientation for S w opposite to that of Section 1.4.9.1. This is 
done so that the triple (5, a, 6(a)), used in [CGH2, CGH3], embeds in (S, a, /3) 
in an orientation-preserving manner. 

2.2. Symplectic data. The stable Hamiltonian structure on [0, 1] x S with coor- 
dinates (t, x) is given by (A, uj), where A = dt and cj is an area form on S which 
makes (a, (3, z$) weakly admissible with respect to uj, i.e., each periodic domain 
has zero a;-area. The plane field £ = ker A is equal to the tangent plane field of 
{t} x S and the Hamiltonian vector field is R = J^. 

We introduce the "symplectization" 

(W, n) = (Ix [0, 1] x E, A dt + w), 
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where (s,t) are coordinates on R x [0, 1]. Let ttb : W — > B = R x [0, 1] be the 
projection along the fibers {(s, f)} x E. 

Let J be an Sl-admissible almost complex structure on W; we assume that J 
is regular (cf. Lemma 1.4.7.2 and [Li, Proposition 3.8]). We also define the La- 
grangian submanifolds 

L a =1 x {1} x a, Lp = R x {0} x (3. 

2.3. The chain complex CF + (Y,,ot, f3, z? , J). In this subsection we recall the 
definition of the chain complex CF + (T,, a, (3, z* , J), whose homology group 

HF+(Z,a,(3,z f , J) 

is isomorphic to HF + (—M). This definition is due to Lipshitz [Li], with one 
modification: we are using the ECH index Ihf from Definition 1.4.5.11. We will 
often suppress J from the notation. 

Let S = S a $ be the set of 2g-tuples y = {ui, ■ ■ ■ , V2g} of intersection points of 
a and (3 for which there exists some permutation a G &2g such that t/j € ajf\P a u\ 
for all j. Then CF + (S,a, (3, , J) is generated over F by pairs [y,i], where 
y G 5 and i € N. 

The differential 9 = <9#f is given by 

%,<1= E (%.»1.ly / .j]>-ly / ,j], 

[y',j]€5xN 

where the coefficient (3[y, i], [y', j]) is the count of index Ihf = 1 finite energy 
holomorphic multisections in (W, J) with Lagrangian boundary L a U Lp from y 
to y', whose algebraic intersection with the holomorphic strip R x [0, 1] x {{z'y } 
is (i — j). We will often refer to such curves as curves from [y, i] to [y',j]. 

Let us write d = J2T=o ®k> where dk only counts curves whose algebraic inter- 
section with R x [0, 1] x {(z'y } is k. 

3. The geometric [/-map 
3.1. Introduction. In [OSzl, Li], the [/-map 

U : CF + (T,,a,f3,z f ) -> a, /3, z / ), 

is defined algebraically as £7([y, z]) = [y, i — 1]. The goal of this section is to give 
a geometric definition of the [/-map which is analogous to that of ECH. 

Let z- f , (z')f be as before and let z = (z b ,z- f ) G W = B x S, where z b G 
Let be a generic C z -small perturbation of J such that = J away 
from a small neighborhood iV(;z) C W of z and such that N(z) PI (R x [0, 1] x 
{(z')^ }) = 0. In particular, we assume that there are no -holomorphic curves 
that are homologous to {pt} x S and pass through z. 

Remark 3.1.1. When we refer to "C* -close" almost complex structures, etc., we 
assume that I > is sufficiently large. 



6 



VINCENT COLIN, PAOLO GHIGGINI, AND KO HONDA 



Definition 3.1.2 (Geometric U -map). The geometric U-map with respect to the 
point z is the map: 

U z ([y,i})= £ (U z ([y,i]),[y',j]}-[y',j}, 

[y',j]eSxN 

where the coefficient (U z ([y,i\), [y',j]) is the count of index Ijjp = 2 finite en- 
ergy holomorphic curves in (W, J®) with Lagrangian boundary L a U Lp from 
[y,i] to [y',j] that pass through z. 

By our choice of J®, "passing through z" is a generic codimension 2 condition, 
i.e., if u is a simple curve from [y, i] to [y', j] that passes through z, then I{u) > 2. 
Moreover, by a simple ECH index count, an I{u) < 3 curve that passes through z 
cannot have a fiber component. 

Proposition 3.1.3. U z is a chain map. 

Proof. This follows from standard arguments in symplectic geometry by using an- 
alytical results proved in [Li]. □ 

Theorem 3.1.4. There exists a chain homotopy 

H : CF + (E,a,P,z f ) -> CF + (£, a, (3, z f ) 

such that 

(3.1.1) U z -U = Hod HF + d HF oH. 

Moreover, for all y G S, one has H([y, 0]) =0. 

The rest of this section is devoted to the proof of Theorem 3. 1.4. 

3.2. A model calculation. Let £ be a closed surface of genus k. We consider 
the manifold M = D x S, where D = {\z\ < 1} C C. Let ir D : M -> £> 
and 7T£ : M — >■ S be the projections of M onto the first and second factors. Let 
/3 = {Pi, . . . ,/3fc} be the set of /^-curves for S. Choose G S — /3 and let 

z = (o, z /) e m. 

Let J = jj) x be a product complex structure on M and be a generic 
C z -small perturbation of J such that J® = J away from a small neighborhood of 
z. The key feature of J* is that all the -holomorphic curves that pass through z 
are regular. 

We then define the moduli space Ma(M, J*), * = or 0, of stable maps 

u:(F,j)^(M, J*) 

in the class A = [{pt} xT,] + k[Dx {pt}\ G H 2 (M, dD x (3), such that dF has k 
connected components and each component of dF maps to a distinct Lagrangian 
dD x ^ i = 1, . . . , k. We choose points u>i G Pi, i = 1, . . . , k, and define 

w = {(l,wi),...,(l,u; fc )} C M, 

Then let 

M A (M, J*;z,w) c Ma(M, J*) 
be the subset of curves that pass through z and w. We use the modifier "irr" to 
denote the subset of irreducible curves. 
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3.2.1. ECH index. We briefly indicate the definition of the ECH index / of a ho- 
mology class B € H2(M,dD x (3) which admits a representative F such that 
each component of OF maps to a distinct dD x Although we call / the "ECH 
index", what we are defining here is a relative version of Taubes' index from [T4]. 

Let r be a trivialization of TS along (3, given by a nonsingular tangent vec- 
tor field X\ along (3, and let r' be a trivialization of TD along dD, given by an 
outward-pointing radial vector field along dD. Let Qi TT i\(B) be the intersec- 
tion number between an embedded representative u of B and its pushoff, where 
the boundary of u is pushed off in the direction given by J(X\). 

Definition 3.2.1. The ECH index of the homology class B is: 

1(B) = Cl (TM\ B , (t,t')) + ^ T y)(dB) + Q {ry) (B). 

The following is the relative version of the adjunction inequality: 

Lemma 3.2.2 (Index inequality). Let u : (F,j) — > (M, J*) be a holomorphic 
curve in the class B G H2(M, dD x (3). Then 

ind(u) + 25(u) = 1(B), 

where S(u) > is an integer count of the singularities. 

Proof. Similar to the proof of Theorem 1.4.5.13. □ 

We now calculate some ECH and Fredholm indices: 
Lemma 3.2.3. If B = [{pt} x S] + ko[D x {pt}] with fc < k, then 

1(B) = 2-2k + 3k . 

Proof. We compute that 

I(B) = I([{pt}xT 1 ] + k [Dx{pt}]) 

= I([{pt} x £]) + k ■ I([D x {pt}}) + 2k ■ ([{pt} x S], [D x {pt}}) 

= (2-2k) + k -l + 2k = 2-2k + 3k . 

Here (, ) denotes the algebraic intersection number. □ 

Lemma 3.2.4. If B = [{pt} x E] + k [D x {pt}} with k < k and u is an 
irreducible J J -holomorphic curve in the class B, then 

ind(u) = 2 - 2k + 3k - 5(u). 

Proof. Follows from Lemma 3.2.3 and the index inequality. □ 

3.2.2. Main result. The following is the main result of this subsection: 

Theorem 3.2.5. If is generic, then the following hold: 

(1) M A (M, J^; z, w) = MY(M, J^- z, w); 

(2) M-a(M, J^; z, w) is compact, regular, and ^-dimensional; 

(3) the curves of M A (M,J <> ; z, w) are embedded; and 

(4) #M A (M, JO; z, w) = 1 mod 2. 
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Hence #Ma{M, J®; z, w) is a certain relative Gromov-Witten invariant [IP1] 
which is computed to be 1 mod 2. (What we are really computing here is a relative 
Gromov-Taubes invariant [T4], although the two invariants coincide in this case.) 

Proof. (1) Let us write M = Ma(M, J®; z, w). Arguing by contradiction, sup- 
pose u £ M — M irr . Then u consists of an irreducible component uq which 
passes through z and ko < k points of w, together with k — ko copies ofDx {pt}. 
By Lemma 3.2.4, ind(uo) < 2 — 2k + 3fco- On the other hand, the point con- 
straints are (ko + 2)-dimensional. Hence u$ does not exist for generic J®, which 
is a contradiction. 

(2),(3) The compactness follows from the usual Gromov compactness theorem. 
The regularity of M. is immediate from the genericity of and (1). Lemma 3.2.4 
implies the dimension calculation, as well as (3). 

(4) We degenerate the fiber £ into a union of k tori which are successively at- 
tached to one another. We perform this pinching away from the curves [3 and make 
sure that each torus contains exactly one component of [3. Then by a degenera- 
tion/gluing argument as in Section II.2.4.4, it suffices to prove the proposition for 
k = 1. The case ft = 1 is proved in Lemmas 3.2.8 and 3.2.9. □ 

3.2.3. Doubling. We now explain how to double u G Ma(M, J®; z, w). For 
technical reasons we will assume that (£, js) admits an anti-holomorphic involu- 
tion <7£ so that the curve [3 is contained in the fixed point set of as- 

Let V(M) = Mi U M 2 be the double of M = D x S, obtained by gluing 
two copies Mi and M 2 of M along their boundaries dD x S via the identification 
(x, y)i ~ (x, cte(?/))2, where the subscript i = 1, 2 indicates the ith copy. Let S 
be the involution of V(M) given by 

S : {x,y)i ^ (x,cr s (y)) 2 , S : (x,y) 2 ^ (x,cr s (y))i. 

We then define the almost complex structure V( J®) on V(M) by taking on Mi 
and S(-J<>) on M 2 . 

Given u G A4a(M, J^; z, w), let be its double, obtained by gluing u 

and S(u). The map is holomorphic by the Schwarz reflection principle. 

Therefore it is an element of 

M%o := M%\ A) {V{M), V{ JO); *, w), 

because it represents the class 

V{A) := 2[{pt} x E] + [S 2 x {pt}] 

and passes through 3 points: (l,w), z, and ^(z), where z G Mi. Conversely, if 
v : V(M) is in .A/f^jo, then Sow : (F,-j) V(M) is also in M V:J o. 

Thus all the curves of M-x>jo come in pairs, except those that are 5-invariant, and 
the 5-invariant curves are those obtained by the doubling procedure. 
Summarizing, we have: 

Lemma 3.2.6. #M% r (M, J°; z, w) = #M% r J() mod 2. 
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3.2.4. The k = 1 case. For the rest of the subsection we assume k = 1. We first 
consider the case where J = jo x js is a product complex structure. 

Lemma 3.2.7. Ifk = l, then: 

(1) _Ma(^ 5 w) is a one-element set consisting of a degenerate curve 
(D x {w}) U ({0} x £); a«d 

(2) A^x> ; j w a one-element set consisting of a degenerate curve (S 2 x {w}) U 
({0}'x S)xU({0} x S) 2 . 

Proof. (1) follows from the homological constraint 

A = [{pt} x E] + [D x {pt}]. 

If u : (F, j) — >■ (M, J) is a stable map in M.a{M, J; z, w), then ■kd°u and ir^ou 
are degree 1 maps. This implies that F consists of two components F\,F2 and 
7Td o u\f 1 and 7T£ o u\f 2 are biholomorphisms. On the other hand, 7Ts o u\f 1 maps 
to a point since F\ is a disk and itd o n|i? 2 maps to a point since otherwise the 
cardinality of [ttd ° u)^ 1 (pt) for generic pt will be larger than deg(7TD o u) = 1. 
(2) is similar. □ 

Let be an almost complex structure which is C'-close to J. By Gromov 
compactness and Lemma 3.2.7, all the curves of Ma(M, J^; z, w) and Ai-p jo 
are close to the degenerate curves described in Lemma 3.2.7. 

Lemma 3.2.8. Ifk = l and J®, w, and (3 are generic, then the following hold: 

(1) M VtJ o = M^ J0 ; 

(2) the curves of M-p jo are embedded; and 

(3) is compact, regular, and 0-dimensional. 

Proof. (1) Arguing by contradiction, suppose v £ M^ jo — M^ J() . If v has a 

component S 2 x {pt}, then v must also have a fiber component v which is close to 
({0} x S)j, i = 1 or 2, since v is close to a degenerate curve from Lemma 3.2.7(2). 
On the other hand, if v does not have a component S 2 x {pt}, then v must have a 
fiber component v which is close to some ({0} x S)j. In either case, such a fiber 
component v cannot exist by the genericity of J®. This proves (1). 

(2) Let v £ M.' l ^ r J() . The proof is similar to that of Lemma 3.2.5(3) and follows 
from the adjunction inequality [Ml, M2] (compare with Lemma 3.2.2): If 

I(v)=c 1 (v*TV(M))) + Q(v), 

where Q(v) is the self-intersection number of v, then 

ind(u) + 28(v) = I(v), 

where S(v) > is an integer count of the singularities. Since c\(v*TV{M))) = 2 
and Q(v) = 4, it follows that I(v) = 6. On the other hand, 

ind(«) = - X (F) + 2 Cl (v*TV(M)) = -(-2) + 2(2) = 6, 

where F is the domain of v with x(-^) = — 2. Hence v is embedded by the 
adjunction inequality. 



10 



VINCENT COLIN, PAOLO GHIGGINI, AND KO HONDA 



(3) Since v is embedded by (2) and a(v*TV(M))) = 2, the regularity of 
v without the point constraints follows from automatic transversality (cf. Hofer- 
Lizan-Sikorav [HLS, Theorem 1]). The regularity with point constraints is the 
consequence of the genericity of J®, w, and (3. The rest of the assertion is imme- 
diate. □ 

Lemma 3.2.9. If k = 1 and J®, w, and (3 are generic, then #M A {M, J® 
I mod 2. 

Proof. By Lemma 3.2.6, Lemma 3.2.8(1), and Theorem 3.2.5(1), 

(3.2.1) #M A (M, J°; z, w) = #M V:J o mod 2. 

We reduce the calculation of M. v jo to a calculation in McDuff-Salamon [MS, 
Example 8.6.12] by degenerating the base S 2 into two spheres along the curve 
corresponding to the boundary of the two copies of D. 
More precisely, let 

B = [S 2 x {pt}\ + [{pt} x S] G H 2 (S 2 x £), 

let / be a product complex structure on S 2 x S, and let I® be a C'-small pertur- 
bation of / such that 1 = 1® away from a neighborhood of (0, zf). Here we are 
viewing S 2 ~ C U {oo}. Let 

M B :=M b {S 2 x £,/<>; (0,^), (oo,w)) 

be the moduli spaces of /^-curves in the class B that pass through (0, Z?) and 
(oo, w), and let M' B be the subset of curves in Mb that are contained in a neigh- 
borhood of (S 2 x {w}) U ({0} x E). By McDuff-Salamon [MS, Example 8.6.12], 
#M' B = 1. By the symplectic sum theorem of Ionel-Parker [IP2, p. 940] (also see 
Section H.2.4.4), 

#M VyJ o = (#M' B ) 2 = 1 mod 2. 
Hence #Ma(M, J°; z, w) = 1 mod 2 by Equation (3.2.1). □ 

3.3. Family of cobordisms. We now describe a family of marked points z T G 
W and a family of almost complex structures J® on W for r G [0, 1), as well 
as their limits for r = 1. These families give rise to the chain homotopy H of 
Theorem 3.1.4. 

Let z h T G int(B), r G [0, 1), be a family of points such that Zq = z b , lim,-^! z h T = 
(0, 0), and z b T G {s = 0} for r G [±, 1). Then let z T = (z b T , zf) G W. 

Assume that the almost complex structure J on W is a product complex struc- 
ture on R x [0, e] x S for e > small. We then define a family of C'-small 
perturbations J®, r G [0, 1), of J such that J® = J away from a small neighbor- 
hood N(z T ) of z r and 

N{z T ) n (R x [0, 1] x = 0- 

Inthelimitr = 1, the base B x is (BUD)/ ~, where I? = {|z| < 1} C C and ~ 
identifies (0, 0) G 5 with -1 G D, and the total space W 1 is U (D x S))/ ~, 
where ((0, 0), x) ~ (—1, x) for all x G S. See Figure 2. We write w b for the node 
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[(0, 0)] = [-1] € B 1 . Let ir B : W ->• B and ir D : D x E ->• D be the projections 
onto the first factors. 




Figure 2 

The limit z\ of z T is in D x E and we assume that z\ = € int(D). When r = 
1, the almost complex structure J® restricts to the complex structure J on W and to 
the almost complex structure ( J 1,D )^, where J 1,D is a product complex structure 
on L> x E and (J 1,D )° is a C'-small perturbation of J 1 ' such that ( J 1 ' ) = J 1 * 
away from a small neighborhood N(zi) of Zi and 

JV(zi) n (D x = 0- 

The Lagrangian boundary condition for r € [0, 1) is L a U L/3. In the limit 
r = 1, we use L a U Lp for and dD x /3 for D x S. 

3.4. Proof of Theorem 3.1.4. Let 

u Ti> T i — ^ 1, be a sequence of Ihf — 2 curves 
in (W Ti , (J ri )^) from [y, i] to [y', i — k] that pass through z Ti . Applying Gromov 
compactness, we obtain the limit u\ = mbU ud, where ug C W, ud C D x E, 
and U£> passes through zi. Components of ui that map to the fiber x E will 
be viewed as components of ud- 

Lemma 3.4.1. 

(1) [ Ud ] = k [{pt} x S] + 2g[D x {pt}] e i? 2 p x E) for some < k < k. 

(2) J(u D ) = 2A; + 2 5 > 2g + 2. 

Proof. (1) deg(-7TD ou fl ) = 2g, since u Ti is a degree 2g multisection of W for each 
Tj, away from a neighborhood of 2°. . Also, since (u n , -B x {(2^ )'}) = k for all r», 
it follows that (up, D x {(^ )'}) = &o, where < &o < k. Here &o > since ud 
passes through z\. 

(2) is a consequence of (1) and computations as in the proof of Lemma 3.2.3. 
We remind the reader that the genus of E is 2g. □ 

Lemma 3.4.2. I (up) = 2g + 2 and Ihf{ub) = 0. In particular, y = y', ub 
consists of 2g trivial strips, and ko = k = 1. 

Proof. The gluing constraints give Ihf{u t ) = I(ud) + Ihf{ub) — 2g = 2. By 
the regularity of J and the index inequality, we have Ihf(ub) > 0. The first 
sentence of the lemma then follows from Lemma 3.4.1(2); the second sentence is 
a consequence of the first. □ 
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The first sentence of Theorem 3.1.4 follows from the usual construction of chain 
homotopies in Floer theory. By Lemma 3.4.2, U z is chain homotopic to all, where 
a is the count of holomorphic curves ud in (D x X, ( J 1 ' )®) that pass through z\ 
and w = ((l,yi),.. . , (l,j/2 S )), where y = {yi, . . -,y2g}- Since a = 1 modulo 2 
by Theorem 3.2.5, U z is chain homotopic to U. 

Next we prove the second sentence of Theorem 3.1.4. For all y G S, H([y, 0]) is 
obtained by counting Ijjf = 1 curves that pass through z T for some r € (0,1) and 
that do not cross the holomorphic strip Kx [0, 1] x{(z'y }. There are no such curves 
since R x [0, 1] x {z$ } is holomorphic and homologous to R x [0, 1] x {(z')f }: if 
a curve passes through z T , its intersection with R x [0, 1] x {z?} is strictly positive 
by the positivity of intersections, and so is its intersection with R x [0, 1] x {{z'y }. 

4. The cobordism W + 

In this section we give the construction of the symplectic cobordism (W + , 
from [0, 1] x S to M, together with the Lagrangian submanifold L a C dW + . 

4.1. Construction of (W + ,Q + ). We describe the construction of W + , leaving 
some key details for later 4 : First we construct fibrations ttq : Wq — > B*+ and 
7Ti : ->■ D 2 with fibers diffeomorphic to £ and Sy 2 . Here B^ = ([0, oo) x 
R/2Z) - B\ with coordinates (s, t) and is the subset [2, oo) x [1, 2] with the 
corners rounded. We then glue Wq and and smooth a boundary component 
B of Wq U W± to obtain B ~ M. Finally we attach the negative end W£ = 
(-oo,0] x B to obtain W + . 

Let <5 > be a small irrational number and N a large positive number which 
depends on 5 and whose dependence will be described later. 

Lemma 4.1.1. There exists a symplectic manifold (W + ,Q + ) which depends on 
5 > and which satisfies the following: 

(1) There is a symplectic surface S z f := {z?} x (B^_ U D 2 ), obtained by 
gluing sections {z^ JxBfc Wq and {z? } x D 2 C W^. 

(2) Q+ = d®+ for some l-form 6+ on W + - N(S zf ), where N(S zf ) is a 
small neighborhood of S z f. 

(3) + is exact on the Lagrangian submanifold L a C dW + . 

(4) On the positive end 

^([3,00) x [0, 1]) = [3,oo) x E x [0,1] C W+ 
ofW + , £l + restricts to uj+dsAdt, where u is an area form on S. Moreover, 
L a n {s > 3} = ([3, 00) x {0} x (5') U ([3, 00) x {1} x a), 

where f3' is isotopic to (3. 

(5) On the negative end W2 of W + , £l + restricts to the negative symplectiza- 
tion of a contact form A_ on B ~ M which is adapted to the open book 
decomposition (S, ft). 

Compare with the description in Section 1.0.1, keeping in mind that the notation will be slightly 
different. 
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(6) The manifold B c± M admits a decomposition into three disjoint pieces: 
the suspension N(s M' where ?J isotopic to h relative to dSo, a closed 
neighborhood N( K) of the binding K, and an open thickened torus J\f in 
between that we refer to as the "no man's land". 

(7) All the orbits of the Reeb vector field R\_ of A_ in int(N(K)) U M have 
\--action > ^ — k, where k > is independent of S. Moreover, T + = 
dN(K) (resp. T_ = dN^ ^) is a positive (resp. negative) Morse-Bott 
torus of meridian orbits. 

(8) There is an embedding of W+, defined in Section 1.5.1.1, into W + such 
that the restriction tti : W + PI W + — > is a fibration with fiber So, 
W + n = 0, W + n W 2 + = [0, oo) x iV (5o and W + is disjoint from 
N(S zS ). 

Here W + , Q + , + , L a , and A_ depend on 5 > 0. 

The S^-family V+ (resp. V-) of simple orbits of T + (resp. T_) can be viewed 
equivalently as a pair e' , h! (resp. e, h) consisting of an elliptic orbit and a hyper- 
bolic orbit. The proof of Lemma 4.1.1 will be given in Section 4.3. 

Let A { _ 1:N] ~ [-1, N] x S 1 be a small neighborhood of dS = {0} x S 1 in E 
with coordinates (n, 9\), such that £ j4r_ 1|A n, A-i,o] c &o an(1 -^[o,JV] c <Si/2- 
Here we write Aj = 3 x S 1 if 3 is a subset of [-l,iV]. Also let iV^) C 
S 1 / 2 — ^[o,n] — a — P be a small ball D T = {r' < r} about z?, where we are 
using polar coordinates (r', 9'). 

The actual construction of (W + , is a bit involved, and consists of several 
steps. 

Step 1. The following lemma is a rephrasing of Lemma 1.2.1.1 and its proof. 

Lemma 4.1.2. After possibly isotoping h relative to dSo, there exists a factoriza- 
tion h = Hq o h\ and a contact form A = ft(x)dt + fit{x), (x, t) £ So x [0, 2], on 
N(s ,ho) w ^ m Reeb vector field R\, such that the following hold: 

(1) h : So X {0} {0} is the first return map of R\. 

(2) h has no elliptic periodic point of period < 2g in int(So), as required for 
technical reasons in II. 1.0.1. 

(3) /to = id on A\_ 1/2 ,Q\- 

(4) /ti is the flow of R\ from S x {0} to S x {2}. 

(5) R\ is parallel to dt on (So — -A[-i,o]) x [0 5 2]. In particular, Hi = id on 
So - ^[-i,o]- 

(6) ft{ri,0i) = l + erj/2andp t (ri,0 1 ) = {C + r 1 )d6 1 on A { _ 1/2fi] , for e > 
sufficiently small and C > 0. In particular, ft and fit are independent of 
t and R\ is parallel to dt — sr\do on ^4[_i/2,o]- 

(7) |^2/tU[_ 1/2>0] |c° <5and\<f t <2. 

Here e > depends on 5 > 0, d 2 is the differential in the So-direction, and the 
-norm is with respect to a fixed Riemannian metric on Sq. 
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Step 2. We then extend fa, H±, h G Diff(S* , dS ) to fi+, 6+, h+ = H+ o g 
Diff(E) and the contact form A to the contact form A+ = ftdt+/3t to N^_ N ^ zf ^ ^ 
all of which depend on 5 > 0, as follows: 

(3') 0+ = id on S 1/2 . 

(4') d+ | s _jv( 2 /) is the flow of i? A+ from (E - A r (^ / )) x {0} to (E - iV(z')) x 

{2} and fif\ N ^f) = id. 
(5') ft and are independent of t on Si/ 2 — N(z? ). Hence R\ + is parallel to 

<9t + Xf, where is the Hamiltonian vector field satisfying ix f w = d 2 f 

and w is an area form on E which agrees with d 2 Pt on E — N(z? ). 
(6a') ft(r',6') = const > and /3t(r',0') = (-C + r')d6' near 8N(z f ), 

for — C" > 0. In particular, R\ + is parallel to dt near the suspension of 

dN(zf). 

(6b') / t (n,0i) = l + erf/2 near A {0} and ft(ri,0i) = (C + n)^i on A [0>JV] . 

(7') |d2/t|s 1/2 -JV(«/)lco < £ and ± < f t \s 1/a -N(zt) < 2 - 

Without loss of generality we may assume that ct x {1} is Legendrian with 
respect to A+. This is an easy consequence of the Legendrian realization principle; 
see for example [H, Theorem 3.7]. 

Step 3 (Construction of (W^ , £1+)). Let 

W+ = ([0,oo) x E x [0,2])/(s,x,2) ~ (a,/tf»,0) 

and let 7ro : -> [0, oo) x R/2Z be the projection (s, x, t) h-> (s, i). We then 
set 

Let 5 : [0, |] — > R be a smooth function such that g(r) = 1 + er 2 /2 near r = 0, 
< g'(r) < 5 for r G (0, §), c/'(±) = 0, and g(\) = 1 + e. In particular, this 
requires 2s < 5. Then let 

A+, s = f s ,tdt + fit, sg[0,oo), 

be a 1-parameter family of contact forms 5 on N^_ N ^ zf ^ ^ such that the following 
hold: 

(a) A +jS = A+ if s > | or (x, t) G N( Sojfo y 

(b) A +jS is independent of s if s G [0, |]. 

(c) /o,t(ri,^i)=^(ri)onA[o ) i/2]. 

(d) /o,tls 1/2 -A [0il/2] -JV(z/) = 1 + £• In particular, dA +j0 = cfeA and R = d t 
on the suspension of Si/ 2 — -A[o,i/2] — N(z^). 

(e) / Sjt is a constant C s > near dN{z^). 

(f) l^/s.tU^i/a^^Si/a-Ar^/)^ < |#s/s,t U [ _ 1/2i0] US 1/2 -A r (2-'') lc° < ^ 
and \ < fs,t\x-N(zf ) < 2 for all s, t. 



'Note that /3 t does not depend on s. 
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We then define: 

Qq :=ui + ds/\ dt, 

where 

dA +iS on W + - {N(zf ) x 



u on N(z-f) x B\ ; 



and w is an area form on £ which agrees with d 2 A on £ — N(z*). The 2-form 
is symplectic by an easy calculation which uses (f). 

Step 4 (Construction of (W± , f2+) and primitives 6q , 9+). Let 

Wf 1 " := S' 1/2 x D 2 , : = S'1/2 - ^[o,i/2]- 

We use polar coordinates (r 2 , 6> 2 ) on D 2 = {r 2 < 1}. We identify neighborhoods 
of {0} x S' x R/2Z C 3W + and 5^ /2 x dD 2 C dW^ as follows: 

0oi : [-e',e f ] x Sj /2 x M/2Z 4 Sj /2 x {(r 2 ,0 2 ) | e"^ < r 2 < e- £ '}, 
(s,x,t) i->- (a;, e^,^*), 

where e' > is sufficiently small. 

Let W£)2 be an area form on D 2 satisfying: 

_ ( r 2 dr 2 d0 2 near r 2 = 0; 
U ° 2 ~ \ ^dr 2 d6 2 near r 2 = 1. 

We then define 

n i" : = s ls; /2 +w D 2. 

An easy calculation shows that w D 2 = ds A dt (and hence $7^ = $7^) on their 
overlap. 

We write ui D 2 = d(^>(r 2 )d6 , 2 ), where 4> : [0, 1] — s> R satisfies 

f r 2 /2 near r 2 = 0; 
\ ^ logr 2 + ^ near r 2 = 1. 

Then </>(r 2 )d# 2 = (s + on their overlap. The choice of the constant < 1 
will be used in the proof of Lemma 5.4.2. We then define primitives @f of 
i = 0, 1, as follows: 

(4.1.1) 9^ = (s + TT/W)dt + \ +:S on W + - (A^ 7 ) x 

(4.1.2) 9+ = 0(r 2 )d0 2 + A+,o on - (N(z f ) x D 2 ). 
We have 0^ = ®f on their overlap. 



Step 5 (Corner smoothing). We now have a 4-manifold W + U W± with a concave 
corner along (dSy 2 ) x dD 2 . The component B of d(W + U W^ 1 ") that contains the 

corner is homeomorphic to M and (dS[^ 2 ) x D 2 is a neighborhood of the binding 
(dS' 1/2 ) x {0}. 

In this step we round the corner of B to obtain the smoothing B C Wq U W+. 
We write Bi = B (1 Wf, % = 0, 1. We define the contact form A_ on £> so that 
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A_|«, = &f\§., i = 0, 1. Here the notation \a refers to the pullback to A. See 
Figure 3. 



fc 



-£o 

2 

£o 







1 

>l r 2 



W + 




£i 



> s 



Figure 3 . Schematic diagram for rounding the corner of B. The 
diagram shows a neighborhood N(J3) of B, where we are pro- 
jecting Wq fl N(B) to coordinates (s,ri) and W+ n N(B) to 
coordinates (ro, n). 



Construction of Bo- There exist £o,£i > small with ^ < 5 and ei < e' and a 
smooth map ip : [0, i + Eq] — > R such that: 

• ip{ri) = si on [0, \ - e ]; 

• -£ < ^'(n) < on [| - e , 5 + e ]; and 

• V(| + £q) = and ^'(5 + £0) = -5. 
We then let Bq = Bqq U Boi, where 

Boo = {s = £1} x N( So ,fjo) 

Box = {s = i/j(ri),n G [0,1/2 + eo]} x M/2Z x S 1 . 
Here R/2Z x S" 1 has coordinates (t, 9 X ). 

Lemma 4.1.3. There exists r\ G (0, \-\-eq) such that each orbit in Bo\f\{r\ ^ r*} 
directed by some dt + where < 5' < 5 or —5 < 5' < 0, and Boi D {n = 
1 + £0} w directed by dt + 

Proof. The 1-form A_ |g is clearly a contact form and 

(4.1.3) A_| g()i =^(ri) + /o > t(ri,0 1 )+7r/lO)di + (C + r 1 )^ 1 , 

with respect to coordinates (ri,#i,i). The Reeb vector field R\ is parallel to 

d t --^(ip + fo,t)d 01 . Let rj G [0, ± + e ] be the point where JLty + / 0jt ) = 0. 
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Then < + fo, t ) < S for n G [r*, ^ + e ], + /o,t)(| + £0) = 5, 

and < (tp + /o,t) < <5 for n G (0, rf), which imply the lemma. □ 

Construction ofB\. Let £ : [0, 1] — )• IR be a smooth map such that: 

• C( r 2) = ko — k\r\/2 near r 2 = 0, where ko, k\ S> 0; 

• C" < Oon (0,1]; 
. C(l) = | + eo. 

We then define B\ = {r\ = C(j2)}- 

Lemma 4.1.4. There exist ko,k\ 3> 0, N = N(ko,k\) » 0, and ( such that 
R\_ \g is directed by 7rdg 2 + 5dg 1 . 

Proof. A_ \g is given by 

(4.1.4) X_\ gi = (</,( r2 ) + (l + £ )/ 7 r)^ 2 + (C + C(r 2 ))^ 1 , 

with respect to coordinates (#i,r 2 , # 2 ). The Reeb vector field R\ is parallel to 
Trdg 2 — ^■dg 1 . By choosing ko, k\ S> 0, N(ko, ki) 3> 0, and £ suitably, we may 
assume that — |r(r 2 ) = <5 for all r 2 G (0, 1]. □ 

We also define N(K) C B as the closed neighborhood of the binding K = 
{r 2 = 0} that is bounded by the torus {r\ = r*}. The region AT = {0 < r\ < 
rf } C £> will be called "no man's land". 

Step 6 (Construction of (W 2 + , )). Let C W + U M^" 1 " be the closure of the 
component of (Wq U W+) — B that does not contain B. We then glue the negative 
cylindrical end 

(W+fi+J := ((-oo,0] xB,d(e s \-)) 

to H 7 ^ along B, where s is the coordinate for (— 00, 0]. This concludes the con- 
struction of (W + ,Q + ). 

4.2. Further definitions. 

Hamiltonian structure on £ x [0,1]. Let lJ = oj\ s= 3. Then the Hamiltonian 

structure on £ x [0, 1] at the positive end of W + is given by (dt, oo\sx\q,i])- Let 
be the flow of the corresponding Hamiltonian vector field from Sx{0}toSx{l}. 
Note that we do not necessarily have fi£ = id by construction. 

Lagrangian submanifold L a . As in Section 1.5.2.1, we define the Lagrangian 
submanifold L a C dW + by placing a copy of a on the fiber 7r _1 (3, 1) over 
(3, 1) G dB\ and using the symplectic connection VL + to parallel transport a 
along the boundary component (dB\) n {s > 1} of B\. Observe that 

(4.2.1) L a n {s > 3} = ([3, 00) x {0} x h + o (#) _1 (a)) U ([3, 00) x {1} x a). 

Lemma 4.2.1. j3' := /t + o (/^ ) _1 (a:) w isotopic to f3. 
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Proof. First observe that fi^ and fi£ are isotopic to the identity. Then fi + is isotopic 
to fi^ where Hq\s 1/2 = id m & Oq\s is isotopic to h. The lemma then follows. □ 

Submanifolds S z , Cq, andH. Given z G N(z*), let 

S z = {z} x (B° + UD 2 ), 
where {z} x5fc and {z} x D 2 C W^" 1 ". Also let 

C e = ({#} x B°) U ({9} x (-oo,0] x R/2Z), 
where G 95o, and let "H = \Je e ds Ce- 

Definition of W + . Let W + be the closure of the component of W + — T~L which 
is disjoint from SV 2 /\/. In particular, the restriction tt\ : W + n Wq~ — > is a 
fibration with fiber S Q , W + n = 0, and n W£ = [0, oo) x N^^y 
The cobordism W + is diffeomorphic to the cobordism used to define the map in 
Section 1.5.1. 

4.3. Proof of Lemma 4.1.1. (1), (5), (6), (8) are clear from the construction. 

(2) follows by letting + = 0+, i = 0, 1, 2, where defined. 

(3) By construction, L a is Lagrangian and dQ + \i a = 0. It then suffices to 
observe that 6+ = on L a n 7r _1 (3, 1). This follows from the fact that a x {1} 
is a Legendrian submanifold of (N^_ N ^ zf ^ h-x, A + ). 

(4) The first sentence follows from the construction and the second sentence 
follows from Lemma 4.2.1. 

(7) By Lemma 4. 1.4, the Reeb vector field R\ has no closed orbits in B\ since 
5 > is irrational. By Lemma 4.1.3 and Equation (4.1.3), each orbit of R\_ in 

Boi H {r\ 7^ r*} has A_ -action > ^ — (C + \), where C > is independent of 
5. The second sentence of (7) is immediate from the construction of A_ . 

5. The chain map $+ 
The goal of this section is to define the chain map 

: CF+(£, a, (3,z f )^ ECC(M, A_), 

which is induced by the symplectic cobordism (W + ,Q + ) and an admissible al- 
most complex structure J + . We take [3 = fu£ o H + o (^+) _1 (o;), in view of Equa- 
tion (4.2.1) and Lemma 4.2.1 and the fact that h£ is the flow of the Hamiltonian 
vector field of uj\ s=So , sq ~> 0, from £ x {0} to £ x {1}. 

For simplicity we identify W + f]{s > so} ~ [so; °°) x [0) 1] x £ with coordinates 
(s, t, x) so that fu£ = id and the Hamiltonian vector field is dt- 

5.1. Almost complex structures. Let U = w[ s=3 / 2 - 

Lemma 5.1.1. There exists a sequence (X T ,uJ), r G [0, 1], of stable Hamiltonian 
structures on N^q,/^) such that Ai = A, A T is a contact form for r > 0, and 
Ao = dt. The 1-forms X T = ft, T dt + j3t jT can be normalized so that ^ < \ ft,r I < 2. 

Proof. Follows from the discussion of Section 1.3.1. □ 
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Definition 5.1.2. An almost complex structure J + on W + is (W + , Q + )-admissible 
if the following hold: 

(1) J+ is tamed by 

(2) J + is s-invariant for {s > |} D Wq~ and is adapted to the stable Hamil- 
tonian structure (dt, uj\s x [o,i\) at tne positive end; 

(3) J + is s-invariant for {s < — |} n W 2 + an d * s adapted to the contact form 
A_ at the negative end; 

(4) the restriction J + of J + to W+ is C'-close to a regular admissible almost 
complex structure on W + with respect to (Ao,cU) (cf. Definitions 1.5.4.1 
and 1.5.8.5); 

(5) the surfaces Sr z ,y and Cq are J + -holomorphic for all 9 G d<So- 

Let J, J' be the adapted almost complex structures that agree with J + at the posi- 
tive and negative ends. 

Note that (4) imposes additional conditions on Q + and A_. In practice, the order 
in which we construct Sl + and J + is a little convoluted: (i) choose a regular J° , 
(ii) choose r > sufficiently small and J + sufficiently close to J+, (iii) construct 
Sl + using A r in place of A, and (iv) extend J + to the rest of W + . 

Let J + be the set of all (W + , Sl + )-admissible almost complex structures. 

5.2. The ECH index. Let V = V\_ be the set of simple orbits of R\_ and let 
O = 0\_ be the set of orbit sets constructed from V. 

Let J + € J + be an admissible almost complex structure. Let -Mj+(y,7) be 
the set of holomorphic maps u : (F,j) — > (W + , J + ) from y <G S a ^ to 7 G O, 
such that dF is mapped to a distinct component of L a and each component is used 
exactly once. Elements of Mj+(y, 7) will be called W + -curves. 

Let W + be W + with the ends {s > 3} and {s < —1} removed and let 

Z yn = {L a n W + ) U ({3} x [0, 1] x y) U ({-1} x 7) 

as in Section 1.5.4.2. The class [u] of u G Mj+(y,"/) is the relative homology 
class of the compactification u in H2(W + , Z ya ). Given A G H2(W + , Z YjJ ), we 
write M.j+ (y, 7, A) C j+ (y, 7) for the subset of Vy + -curves u in the class ^4. 

Definition 5.2.1 (Filtration F). Given a W + -cm\e. u, we define 

F{u) = ([u},S (zl)f ), 

where (, ) is the algebraic intersection number. Since S( z >y is a holomorphic divi- 
sor, F(u) > 0. 

The definition of the ECH index given in Section 1.5.6 also extends directly to 
our case. The ECH index of a V4^ + -curve from y to 7 in the class A is denoted by 

5.3. Homology of W + . The goal of this subsection is to compute H2(W + ). We 
introduce some notation which will be used only in this subsection: N = N^^y 

N » = N (s 1/ ^ K/2 )^ = N ^Y 
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Lemma 5.3.1. H 2 (N) ^ H 2 (M) and H^N) ^ H X (M) © Z, where the extra % 
factor is generated by a meridian of the binding. 

Proof. The lemma follows from the exact sequence of the pair (M, N). □ 
Lemma 5.3.2. # 2 (W +) H 2 (N) © #2(^0) © H 2 {T,). 

Proof. Observe that Wq is homotopy equivalent to N. We compute H 2 (N) using 
the Mayer-Vietoris sequence: 

H 2 (NDN ) -4 H 2 (N)®H 2 (N Q ) -> i7 2 (iV) -> H^NnNo) A H^N^H^No). 
Since z = and ker j = Z(dSo) = Z(dSi/ 2 ), the lemma follows. □ 
Lemma 5.3.3. F 2 (^+) = # 2 (M) # 2 (£). 

Proo/ is homotopy equivalent to W + U W^" 1 " and W + n W^" 1 " = iV . Since 
Wj" is homotopy equivalent to S1/2, the Mayer-Vietoris sequence becomes: 

F 2 (iV ) 4 F 2 (^ +) -> F 2 (^+) fTi(iVo) A iJi(W + ) © fTi(5 1/2 ). 

The map i surjects onto the factor H 2 (Nq) in the decomposition of iJ 2 (Wo~) com- 
ing from Lemma 5.3.2. The map j is injective, since Hi(Nq) = H\{Si/ 2 ) © 
Hi(S 1 ) by the Kunneth formula, the restriction j : Hi{Si/ 2 ) — > Hi(Si/ 2 ) is an 
isomorphism, and the restriction j : H\(S 1 ) — >• H\(N) ~ i?i(Wo~) is injective 
because the image of the generator of Hi(S 1 ) is dual to the fiber £. The lemma 
then follows from Lemma 5.3. 1. □ 

5.4. Energy bound. 

Definition 5.4.1. Let C + be the set of nondecreasing functions [0, +00) — s> [0, 1] 

and let C_ be the set of nondecreasing functions (—00, 0] — > [0,1]. Let 

{Zj + dcf>(s) A dt on D W£_; 
fl+ on W+HW+; 

d(Y>(s)A_) on W+, 

where (0,Y>) € C + x C_. 6 Then the energy of a iy + -curve u : F W + from 
[y, i] to 7 is given by: 

(5.4.1) E{u) =sup / , 

0,V> if 

where the supremum is taken over all pairs (<f),ip) € C+ x C_ such that fij^ is 
smooth. 7 

The condition imposed on the intersection with S^ z ,y gives an energy bound: 

Lemma 5.4.2 (Energy bound). For all k G N, ?/iere ew'sto iVfc > such that 
E{u) < N k for all y G S aj/3> -yeO, undue M T j^ k {y, 7). 

^0, 1/1 used here are not to be confused with (f>, ip which appeared in Section 4.1. 
7 Recall that is given by Equation (4.1.2) and agrees with given by Equation (4.1.1), on 
their overlap. This imposes conditions on (<f>, ip). 
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Proof. Let u : (F,j) — > (W + , J + ) be a holomorphic map in Mj+ k (y,'j). By 
Lemma 4.1. 1(2),(3), 0+ = dQ+ on W° := W + - N{S zf ) and the Lagrangian 
L a is + -exact. Hence f dF u*@ + only depends on y. 

Let v : F' — > W° be a representative of the homology class [u] — k[T] G 
H2(W + , Zy :J ). Since the energy is obtained by integrating a closed form, 



E(u) = E(v) + k J ' u. 



Now n+ . = d0+ . on VF°, where 



0+ 



' A +>a + 0(a)<ft on W + rW o nW(J; 

ef on if+nrn^; 

^(s)A_ on W 2 + . 



By Equations (4.1.1) and (4.1.2), 6^ can be written as A +jS + (s + j^jdt on 
W + n DW° n Wj[. Since < 1, there exist smooth 8^ that extend 
0+, i.e., there exist <j> G C+ that extend cf)(s) = s + near s = 0. 
By Stokes' theorem, 

(5.4.2) E(v) < A + + sup lim / (pdt 

J{s}x[0,l]xy 0eC + s ^°° J{ s }x[0,l]xy 

+ / v*\+ + sup / (f>dt — inf / V'A- 
JdF 4>ec+ JdF V'eC- J 7 

<4g+ f A++ / «*A+. 

J[0,l]xy JdF 

Recall that A+ iS = A + for s > §. In the above calculation, 

sup lim / 0dt = 2<7, sup / <pdt = 2g, inf / tpX^ = 0. 

</>ec+ s ^°° J{s}x[o,i]x y ' <P&c + JdF ^ec_y 7 

We then obtain 

£(u) <4g+ I A+ + / u*A + + k u, 

J[0,l]xy idF iE 

which is the desired bound. □ 



5.5. Regularity. Define the subset Alj + (y, 7, A) C .Mj+(y, 7, A) consisting 
of holomorphic curves without vertical fiber components. As in Lemma 1.5.8.2, 
the set JX g of regular J + G J + for which all the moduli spaces M h J+ (y, 7, A) 
are trans versally cut out is a dense subset of J + . We can restrict attention to 
M j + (y, 7, A) for the following reason: 

Lemma 5.5.1. If J + G ,7+ g and -u G Mj+(y,j, A) - M h J+ (y , 7, ^4), ^en 
%+(u) > 2 + 25. 
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Proof. Suppose u = u\ U u 2 , where u\ is regular and U2 is homologous to k > 1 
times a fiber. Since (1x1,1x2) = k ■ 2g, 

I(u)=I(u 1 )+I(u 2 ) + 2k(2g) 

>Q + k(2- 2g) + 4kg > k(2 + 2g). 

Here I(u{) > since I(u\) > ind(ui) by the index inequality and ind(ui) > 
by the regularity of u\ . □ 

5.6. Holomorphic curves in W + without positive ends. In this subsection and 
the next, we make essential use of the assumption g(S) > 2. 

Let S" = S 1/2 - ^[o,N] and ~S" = S" U {00}. We define the "projection" 
Tt-g" : W + — >■ S as follows: 

• on Wq, ir-g"(s, x,t) = x if x € S"' and 7r^/(s, x, t) = 00 if x ^ S"'; 

• on 7T^» (x, r2, 02 ) = ^ if % £ S 1 " and 7r^// (x, r2, 6*2) = 00 if x ^ 5"; 

• ^"(W^") = 00. 

Lemma 5.6.1. /jf u : F — > (W + , J + ) is a holomorphic map without positive ends, 
then g(F) > 2. 

Proof. The map ir-gi o u can be extended to a continuous map / : F — > s" . 
Observe that the curve u must intersect S/ Z >y because the symplectic form is exact 
on W + — S/ z /\f. Hence deg / > 0. Now we use the following fact: If / : Si — > £2 
is a positive degree map between closed oriented surfaces, then ff(Si) > #(£2)- 
Since g(S) = g(S") > 2, it follows that g(F) > 2. □ 

Lemma 5.6.2. There are no I = closed holomorphic curves in (W + , J + ). 

Proof. We argue by contradiction. Let A = [u*{F)\. By Lemma 5.3.3, the inter- 
section form on H 2 (W + ) is trivial. Hence A- A = 0. If 1(A) = A-A+a(A) = 0, 
then it follows that c\ (A) = 0. 

Suppose that u is simple. Then x(F) > by the adjunction formula. This 
contradicts Lemma 5.6.1. In particular I(u) > by the regularity of u and the 
index inequality. If v is a degree d branched cover of u in the class A, then I(v) = 
I(dA) = dl(A) > d using the formula 

(5.6.1) I(dA) = dI(A) + (d 2 - d)A ■ A. 

□ 

Lemma 5.6.3. A multiply-covered holomorphic curve u with only negative ends 
has I(u) > 0. 

Proof. This follows from Lemma 5.3.3 and the inequality 

(5.6.2) I(dC) > dI(C) + ^ 2 ~ ^ (2g(C) - 2 - ind(C7) + h) 

from [Hu2, Section 5.1], where C is a simple curve, ind(C) is the Fredholm index 
of C, and h is the number of hyperbolic ends. □ 
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5.7. The map <J> + . Let J + G JXg- The chain map $ + is given as follows: 

$+ : (CF + (S,a,/3,^),5) -> (ECC(M,\-),&), 
[y, »] H- ^ #M ^r V+= °(y, 7, ^ • 7, 

where the summation is over all 7 G 0\_ and A G ^(W" 1 ", Zy,j)- Here 9' is the 
usual ECH differential on ECC(M, A_). 

By a combination of Lemma 5.4.2 and the Gromov-Taubes compactness the- 
orem (cf. Section 1.3.4), the sum in the definition of <E> + is finite. Hence $ + is 
well-defined. 

Theorem 5.7.1. Ifg(S) > 2, then <3? + is a chain map. 

Proof. Similar to that of Theorem 1.6.2.4, with slight modifications in view of Lem- 
mas 5.6.2 and 5.6.3. □ 

Remark 5.7.2. One can define the twisted coefficient analog of <I> + , taking into 
account Lemma 5.3.3. 

5.8. Restriction to 3>. In this subsection S still denotes the constant that appears 
in the construction of A_. Let V\n be the subset of V consisting of orbits that are 
contained in N. Also let 70 G V- be the orbit corresponding to 9 G dSo- 

Lemma 5.8.1. For 5 > sufficiently small, if u G A / i^ =0 (y, 7), y G <S Qi( g, 
y C So, and 7 G O, then 7 is constructed from V\n U {e' ,h'}. 

Proof. This is similar to Lemma 5.4.2. Let u : (F,j) — > (W + , J + ) be a holo- 
morphic map in M.^+°(y, 7). Since Im(u) PI S/ Z iy = 0, we may assume that 
Im(u) n N(S z f ) = by possibly modifying u in its homology class. By consid- 
erations similar to those of Lemma 5.4.2, we obtain: 

Ag+ f A++ / u*X + >A x _(-y), 

J[0,l]xy J OF 

where A\_(~f) is the action of 7 with respect to A_. Since the Lagrangian L a 
is exact by Lemma 4.1.1(3), we may take u(dF) C dW + . Hence there exist 
upper bounds for f QF u*X + and Jj Q X ] xy A + which are independent of y and 5. By 

Lemma 4.1.1(7), all the orbit sets 7 in int(N(K)) U N satisfy A\_ (7) > ^ - k. 
Hence, for S > sufficiently small, no negative end of u is asymptotic to an orbit 

in int(N(K))UAf. ' □ 

Lemma 5.8.2. Ifu G ,M^r (y, 7), where y G S a p, y C So, and 7 is constructed 
from V\n U {e', h'}, then Im(u) C W + and 7 G 0\n- 

Proof. Let u G Af^+ °(y, 7) such that u(F) <£ W+. 

Suppose that u is not a multi-level Morse-Bott building. Then u(F) n Cq / 
for some 60 £ <9<So — a — (3, and moreover we may assume that 7# is not 
an asymptotic limit of u at —00. Since J + is admissible, all the curves Cq are 
holomorphic. Hence (u(F),C$ Q ) > by the positivity of intersections. 
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Let Dq, 6 G 8Sq, be a meridian disk of the solid torus TVu N(K) that is bounded 
by {9} x E/2Z and is disjoint from {/, h'}, and let D 0>9 = {s} x D e C W 2 + , 
where s < and G <95o- We then define 

C e ,s ■= {C e ~{s< 8o})UDe,so, 

where so < 0. When so is sufficiently negative, the curve u(F) intersects Cq , So 
only in the region Cg — {s < sq}, since 7 is constructed from V\n U {e',h'} 
and Dg does not intersect e' and /i'. Hence (u(F),Cg 0ySo ) > 0. Now, since 
[Spy] = [Ce , so ] in H 2 (W+, 8W + - Z ya ), we have 

T(u) = ([u],S {z , )f ) = {[u},C eo , So )>0. 

This contradicts our assumption that F(u) = 0. 

If u is a multi-level Morse-Bott building, then we need to make the appropriate 
modifications (left to the reader), but the same argument goes through. For exam- 
ple, we need to replace Cg by a multi -level building C$ a U(Rx 7^ ) U ■ ■ ■ U (R X 7# () ) . 
Note that if u is a Morse-Bott building, then it could have a component u\ with a 
negative end that limits to some 7^ , followed by a gradient trajectory from 6\ to 
02, and then by a component u 2 with a positive end that limits to jg 2 . □ 

Theorem 5.8.3. For 5 > sufficiently small, if u G ■A / (^ 4 =0 (y, 7), y G S a ^, 
y C So, and 7 G 0, Im(u) C W + and 7 G 0|at. 

Proof. Follows from Lemmas 5.8.1 and 5.8.2. □ 
The restriction $ of $ + to (W + , J+) is given as follows: 

$ : CF(E,a,P,z f ) -»• ECC 2g (M,X^), 

[y,0]^^#^ +=0 (y, 7 ^)-7, 

where M.J^ + °(y, 7, A) is the subset of .M j+ (y, 7, A) consisting of curves with 
image in W + . 

Theorem 5.8.4. $ is a quasi-isomorphism. 

Proof. The almost complex structure J + is sufficiently close to J?. For J?, the 
analogous chain map was shown to be a quasi-isomorphism (Theorem II. 1.0.1). 
Considerations similar to those of Theorem 1.3.6.1 imply that is a quasi-isomor- 
phism. □ 

5.9. Commutativity with the [/-map. Let z b be a point in E x [0, 1] with £- 
coordinate \ and let z = (z b ,z^) G W. Let f/ z be the geometric [/-map with 
respect to z on the HF side. On the ECH side, let z' = (s, z M ) be a generic point 
in E x int(N(K)) near the binding K. We define U' = U' z , so that {U'(j),-f') 
is the count of Iech = 2 curves in the symplectization (E x M, J') from 7 to 7' 
that pass through z'. 
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Theorem 5.9.1. There exists a chain homotopy 

K : CF + (X,ct,l3,z f ) -> ECC(M,\_) 

which satisfies 

U' o $ + — <f> + oU z = d' o K + K o d. 

Proof. The commutativity of <I> + with the U -maps up to homotopy is obtained by 
moving the point constraint in the cobordism W + from s = +00 to s = —00. 

The 1-parameter family of points (z t ) t€ k is chosen as follows: For r > 0, 
let z T = (z\,z*), where z h T approaches (s,t) = (+00, |) asr 4 +00 and z\ 
is near the center of the disk D 2 = {r 2 < 1}. Next, for r G [—1,0], let z T = 
(^o,^r) so that (2o,z£i) G {0} x Bis near the binding K. For r < — 1, let 
z r = (r + 1, z M ) G (-00, 0] x M, where z M G M = B is a point near the 
binding. Finally, we consider a small perturbation of (z T ) Te u to make it generic 
(without changing its name). 

We define the 1-parameter family of almost complex structures ( J+) re R so that 
is C'-close to J + and agrees with J + outside a small neighborhood of z T . 

The rest of the chain homotopy argument is standard, with the exception of the 
obstruction theory that was carried out in [HT1, HT2]. □ 

Theorem 5.9.2. For 5 > sufficiently small, if y G S a p and y C So, then 
K([y,0]) = 0. 

Proof. Similar to the proof of Theorem 5.8.3. The coefficient (K ([y, 0]), 7) is 
given by the count of I w + = 1 curves from y to 7 that pass through z T for some r 
and do not intersect Sr z ,y. If such a curve u exists, then Im(n) (£_ W + . This is not 
possible by Theorem 5.8.3. □ 

6. Proof of Theorem 1.0.1 

In this section we prove Theorem 1.0.1. In Section 6. 1 we prove an algebraic 
result (Theorem 6.1.5) which is sufficient to prove that $ + is a quasi-isomorphism. 
The conditions of Theorem 6.1.5 are verified in Section 6.4. 

6.1. Some algebra. 

Definition 6.1.1. Let (A, d) be a chain complex. We say that a chain map f: A—} 
A is homologically almost nilpotent (abbreviated hari) if for every x G H(A) there 
exists re G N such that (/*) n (x) = 0. 

Prototypical examples of han maps are the [/-maps in HF + and ECH. 
Let (A, <1a) and (B, ds) be chain complexes with han maps Ua - A — >■ A and 
Ub - B —> B and let <I> + : A —> B be a chain map such that the diagram 
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d D 



commutes up to a chain homotopy K. We form a chain complex D = A © A 
B®B with differential 

(d A \ 
U A d A 
$+ d B 
\K $>+ U B d B J 

Given a chain map /, we denote its mapping cone by C(f). 
Lemma 6.1.2. There is an exact triangle: 



(6.1.1) 



H(C{U A )) 



H(C(U B )) 



H(D) 



where $ a i g 



$+ 
K $+ 



Proof. From the shape of do, it is evident that (D,do) is the mapping cone of 

$ai g - C{U A ) ^ C{U B ). ' □ 

Lemma 6.1.3. There is an exact triangle: 



(6.1.2) 



JT(C(*+)) 



where U$,+ ■ 
Proof. Let 



U A 



: A © 1? be the cone of <E> + with differential djj^+^ = 

($+ d#)' Then : ( C '(^ + )> c ^(* + )) ( C '( $+ )' rf (7('i'+)) is a chain map. 
Hence the complex (D', d D >), where D' = A © 5 © ^4 © B and 



o 

£/(*+) 



/dA \ 

d B 

dr/r*+i ) Ua dA 

\K U B d B ) 

is the cone of £/$+• Moreover f-.D^-D' where 

/l 0\ 
10 



/ = 

is an isomorphism of complexes. 



10 
\0 1/ 



□ 
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Lemma 6.1.4. [/$+ is a han map. 

Proof. Consider the following commutative diagram with exact rows: 



H(B)-±+H(C(Q+)) 



J* 



H(A) 



TTn 



U l+ 



H(B) 



H(A) 



H(B) H{C{§ + )) H(A) 



Given x G i?(C(<& + )), we choose n G N sufficiently large so that U^(j^(x)) = 
j*{U£ + (x)) = 0. Then U£ + (x) = i*{y) for some y G H(B). Next choose 
m G N sufficiently large so that U%(y) = 0. Then t/"t m (x) = U™+(u(y)) = 



Theorem 6.1.5. lf& a ig is a quasi-isomorphism, then $ + is a quasi-isomorphism. 

Proof. If & a ig is a quasi-isomorphism, then H(D) = by Exact Triangle (6.1.1). 
This in turn implies that Uq>+ is a quasi-isomorphism by Exact Triangle (6.1.2). 
However the han map Uq>+ cannot be a quasi-isomorphism, unless H{C(<& + )) = 
0. Finally, the triangle 



H(A) 



H(B) 



H(C(<S>+)) 
implies that <I> + is a quasi-isomorphism. 



□ 



We finish this subsection with a lemma which compares the homology of C(U) 
with that of ker U. 

Lemma 6.1.6. Let (C, d) be a chain complex and let U be a chain map. If U is 
surjective, then the inclusion 

i : ker U -> C(U) 



x i-> 



is a quasi-isomorphism. 



Proof. Let U : C / ker U — >■ C be the map induced by U. We have a short exact 
sequence of complexes 



-> ker U -> C(U) C(£/) -> 0, 
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which induces the exact triangle: 

H(ker U) - H{C(U)) 



H(C(U)) 

Since U is surjective, U is an isomorphism. Hence H(C(U)) = and the lemma 
follows. □ 

6.2. Heegaard Floer chain complexes. Recall the subcomplex CF'(So, a, H(a)) 
of CF(E, cx, (3, ) from Section 1.4.9.3, which is generated by 5 a A ( a ); let 

/ : CF'(S , a, A(a)) -> CF(E, cx, (3, z') 
be the natural inclusion map. We are viewing 

CF(E, cx, (3, z f ) C C7F+(S, a, /3, z f ) 

as the subcomplex generated by elements of the form [y, 0]. The chain complex 
CF(S , a, 6(a)) is the quotient CF'(5 ,a, H(a))/ ~, defined in Section 1.4.9.3. 

Lemma 6.2.1. 77iere is an isomorphism j : HF(Sq, a, h(a)) — >• HF(Y>, cx, (3, z$) 
given by [Z] ^ [Z]. 

Proof. This follows from the discussion of Theorem 1.4.9.4. Note that the natural 
candidate 

CF(S ,a,h(a)) ^CF(Z,a,f3,z f ), [Z] -> Z 
for a chain map is not a well-defined map. □ 

Lemma 6.2.2. The inclusion i : CF(Y>, cx, [3, Z?) —> C(U) given byy >-» ^ 

w a quasi-isomorphism. 

Proof. This follows from Lemma 6.1.6, since U([y, i]) = [y,i — 1] for i > 1 and 
kerf/ ~ □ 

6.3. ECH chain complexes. We describe several ECH chain complexes that are 
related to (ECC(M, A_), d') and are constructed from certain subsets S of the set 
V = V\_ of simple orbits of R\ . Many of these appeared in [CGH1, Section 10] 
(some with different names). Let U' be the U-map of ECC(M, A_) with respect 
to (sq, z m ) £ R x M, where z M is a generic point which is sufficiently close to 
the binding. 

Let Os be the set of orbit sets that are constructed from S. Then S is closed if 
i G O s , whenever 7 G O5, 7' G Op, and (#7, 7') / or (t/7, 7') ^ 0. If «S 
is closed, then let (As, d' s ) be the subcomplex of ECC(M, A_) generated by Os 
and let C/^ be the restriction of U' to As- Let "P|at C "P be the set of orbits in the 
suspension N. The subsets 

Si = V\ N U {e', /i'}, <S 2 = U {e', h'}, V\ N U {/*'}, PUlW U {h'}, V\ N 
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are closed and we write Ai = A$ v d' { = & s ., and XJ[ = U' s . for i = 1, 2, as well as 

ECC\N) = A rlNU{h , } , ECC*\N) = A v \ NuAfU{h , y , ECC(N) = A vw 

Also let ECC 2g (N) C ECC(N) be the subcomplex generated by orbit sets 7 
satisfying (7, S x {t}) = 2g. Let 

qi : ECC 2g (N) -> ECd*{N), (72 : £CC7 29 (iV) -> £CC^(iV) 

be the chain maps given by the natural inclusion. Then we have the following: 

Lemma 6.3.1. The chain maps qi and q 2 are quasi-isomorphisms. 

Proof. The chain map qi is a quasi-isomorphism by Section II.5 and [CGH1, Sec- 
tion 10.5]. By a direct limit argument similar to that of [CGH1, Proposition 7.2.2], 
there is a quasi-isomorphism r : ECC^(N) — > ECC^{N) such that r o q 2 = q\. 
This implies that q 2 is also a quasi-isomorphism. □ 

Lemma 6.3.2. The inclusions Pl : ECC^N) -> C(U[) and p 2 : ECC^(N) -> 

C{U' 2 ) given byT i-> ^jj^ are quasi-isomorphisms. 

Proof. This follows from Lemma 6.1.6. The map U[, i = 1,2, is given by: 
(6.3.1) ^((eO'W'r) = (e')*" 1 ^')^, 

where T € 0\n or C>|./vu./v; see [CGH1, Claim 10.5.1] for a similar calculation. 
Hence U[ is surjective, ker£/{ = EC&(N\ and ker^ = ECC^(N). This 
implies the lemma. □ 

Lemma 6.3.3. The inclusion i : ECC^(N) -»• C(C/') g/ve« fry T 1— > ii a 
quasi-isomorphism. 

Proof. This is similar to the argument in [CGH1, Section 10]. 

Choose an identification 77 : H\{N{K); Z) Z such that the homology class 
of the binding is 1. Define the filtration T : ECC(M) -> such that 

T ^2 7i ® = m f x )' 

where 7* € 0U(*r) and Tj e 0|jvujV- Let : ECC^(N) -> be its 
restriction to £CCM(iV). (Note that is a trivial filtration.) Next define the 
filtration f : C(tf') -> such that 

^( StJ-®^ ) =max{r ? ([ 7l ]),r ? ([^])}. 
The map i is an (J 7 ^, F) -filtered chain map. The induced map 
E\x) : E 1 ^) -> E l (F) 

on the E 11 -level agrees with the isomorphism (p 2 )*', the proof is similar to that 
of [CGH1, Section 10]. If a filtered chain map between filtered chain complexes 
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which are bounded below is an isomorphism on the E r -level, then it is a quasi- 
isomorphism. This implies that i is a quasi-isomorphism. □ 

6.4. Completion of proof of Theorem 1.0.1. By Theorems 3.1.4, 5.7.1, and 5.9.1, 
the map 

: CF + (X,a,p,z f ) -> ECC(M,\_) 

is a chain map which commutes with U and U' up to the chain homotopy K + = 
K + <I> + o H, where H is given in Theorem 3. 1.4 and K is given in Theorem 5.9. 1. 
Here U is the formal U-map on (OF+(X, q, /3, zf), 9) and U' is the U -map on 
(ECC(M,X-),ff). In view of Theorem 6.1.5, Theorem 1.0.1 immediately fol- 
lows from: 

Theorem 6.4.1. The algebraic map <£ a / 9 is a quasi-isomorphism. 

Let : CF'(S , a, 6(a)) -> £C7C 29 (iV) be the map from Definition 1.6.2.1. 
The map descends to $ : CF(S , a, /t(a)) ->• ECC 2g (N), which was shown to 
be a quasi-isomorphism in [CGH2, CGH3]. Here we are using ECC2 g {N) instead 
of PFC2 g {N), but there is no substantial difference. 

Observe that there is a discrepancy between the algebra and the geometry: the 
map & a ig which we are using here is not the map and we need to reconcile the 
two. 

Proof. If Z G CF'(S , a, 6(a)), then $+(Z) = $'(Z) by Theorem 5.8.3. We ob- 
served in Theorem 3.1.4 that H(Z) = 0. Moreover, K(Z) = by Theorem 5.9.2 
and thus K + (Z) = 0. Hence 



dig 



(<I>+(Z)\ 



$'(Z) 




and the following diagram is commutative: 



CF'(S ,M(a)) 
C7(t0 



£CC7 29 (iV) 
-*C(17') 



This gives rise to the following commutative diagram of homology groups: 



HF(Sq, a, 6(a)) — ^ ECH 2g (N) 



(io<?2)* 



H(C(U)) ( *"' g) % H(C(U')). 

Since j, i*, (52)*, and i* are isomorphisms by Lemma 6.2.1, Lemma 6.2.2, 
[CGH2, CGH3], Lemma 6.3.1, and Lemma 6.3.3, <£ a / 9 itself is a quasi-isomor- 
phism. □ 
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